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                                                        Abstract 
                                                
An exact solution of Einstein’s equations which represents a pair of accelerating and 
rotating black holes was presented by J. B. Griffiths and J. Podolsky [2]. In the paper [2] 
they have shown the explicit form of a spinning C-metric starting from the Plebanski-
Demianski metric, and transformed it using NUT and angular velocity parameters in 
addition to the usual parameters and thus gave a generalized form of such solutions. In 
the forthcoming discussion, an attempt has been made to realize the Riemann 
components of the proposed metric. Furthermore, certain optical characteristics of the 
metric have been analyzed using the Newman-Penrose formalism. 
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I. Introduction 
 
The well known black hole metrics are the Schwarzchild and Kerr metrics which 
 
elucidate the fields around static and rotating black holes respectively. Their charged 
 
versions, Reissner- Nordstrom and Kerr-Newman solutions are also known; so is the 
 
spinning C-metric. A large family of electrovacuum solutions was proposed by Plebanski 
 
and Demianski [1] to which some additional parameters like the NUT parameter and the 
 
angular velocity parameter have been included to give a convenient form: 
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Here, the various parameters have been obtained by various transformations, inclusions  
 
and the consideration of the requisite canonical forms and after all this we have  as the  m
 2
 
mass parameter, l  as the NUT parameter, e  as the electric parameter,  as the magnetic  g
 
parameter, α  as the acceleration parameter, and ω  as the angular velocity parameter. 
 
 Thus, we have seven arbitrary parameters , , , , , ,m l e g a α ω   in all. The above metric may  
 
be called G-P metric for future references. 
 
II. Requisite Treatment 
 
The treatment in the forthcoming sections will be very similar to the second chapter in  
 
[3]. From the various simplifications, and the usual conventions, let us assume the  
 
general form of the metric to be 
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Here, the parameter  is similar to Γ ω  in the usual stationary axisymmetric metric. The  
 
new parameter ϒ however has been added for the generalization of the G-P metric. We  
 
conserve the signature (  preserving it to be of a local Minkowski space 1, 1, 1, 1)+ − − −
 
 time. We proceed to find the Riemann components by considering the Cartan’s equations 
 
 of structure.  
 
For this let us take, 
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where the Latin indices (  and the summations over them are restricted to the 
values 2, 3. 
, ,....)A B
 
In applying Cartan’s method [3] we shall take, 
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From these we can readily get the inverse relations, 
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The above forms retain the ( ,  signature for the so chosen orthonormal tetrad.  , , )+ − − −
 
Now, it follows that, 
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This is the expression of ω ‘s in terms of the exterior derivatives ,  ji ωω ∧
 
)4,3,2,1,,( =≠ jiji . 
 
Cartan’s first equations of structure suggest [torsion is zero]: 
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following which we have the results, 
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Here, the various symbols,  that can be easily  1 2 3 4 1 2 3 4, , , , , , , , , , ,Y F F F F F F F F′ ′ ′ ′Χ Α Ζ
 
followed from the foregoing expressions have been used are for future purposes to ease 
 
 the length of expressions. 
 
Finally, to calculate the Riemann components, we introduce the following lemmas which  
 
are readily verifiable. 
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LEMMAS: 
 
If  is a function of , then, we have: Π 0 1 2, , ,dx dx dx dx3
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Thus, having procured all the necessary grounds we can proceed further toward the  
 
calculation of the Riemann components for the proposed general form of the G-P metric. 
 
 
III. Riemann Components 
 
We make use of the Cartan’s second equation of structure [3], namely, 
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For which the necessary exterior derivatives have been evaluated in the previous  
 
discussion. The lemmas have been designed for the purpose of evaluating the Riemann 
 
 components. 
 
Thus it is clear that ijklR  is the coefficient of 
k lω ω∧  in the expression on the right in the  
 
above equation. 
 
Now, 01klR  is the coefficient of 
k lω ω∧  in the corresponding equation of structure, 
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And so, 0101R  (the coefficient of 
0 1ω ω∧  in 01Ω  ) is, 
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Accordingly, the Riemann components 0102 0103 0113, 0123, 0112, ,R R R R R  are found to vanish.  
 
Thus, 
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Similarly we establish 02klR  which is the coefficient of 
k lω ω∧  in the equation, 
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Hence, 0202R  (the coefficient of 
0 2ω ω∧  in 02Ω  ) is, 
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In this case the Riemann components that vanish are 0203 0213,R R . 
 
Proceeding in this fashion, we have, 
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So, in the case of the G-P metric we have 12 non-vanishing Riemann components. And,  
 
these components include the electric, magnetic and NUT parameters as well. 
 
IV. Null Tetrad  
 
One of the most important tools in deciphering the physical interpretation of any black 
 
 hole metric is the Newman Penrose (N-P) formalism. In this context we shall analyze the  
 
particular characteristics by evaluating the spin coefficients. 
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For the suggested G-P metric, we ought to list the covariant and contravariant basis  
 
before we go any further. So, we shall consider its geodesic in the equatorial plane. 
 
Now, on the equatorial plane, we have 2
πθ = =  constant, and  0θ =&  .Hence the  
 
Lagrangian becomes, 
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where 1 lrαωΩ = −   
 
And we deduce the generalized momenta to be, 
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The constancy of tp  and pφ  follows from the independence of the Lagrangian on  and  t
 
φ  ,which is in fact a manifestation of the stationary and axisymmetric character of the  
 
chosen metric. The superior dots used in the above set of equations denote differentiation  
 
with respect to an affine parameterτ . 
 
The Hamiltonian is given by 
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And from the independence of the Hamiltonian on t  we get, 
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where 1δ  is a constant. We may set 1 0δ =  for null geodesics. The above equation can  
 
thus be simplified for null geodesics to get, 
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Solving these simultaneous equations, we have, 
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Rewriting the above lines by calling upon an impact parameter D Κ= Ι by putting  
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where ϖ  and ϑ  have their designated meanings. 
 
Substituting these values into form of null geodesics we had procured before, we get, 
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From the above calculations we get the general form of geodesics as, 
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Now, to delineate the null tetrad using the conventional N-P vectors, , , ,l n m m  using all  
 
the necessary orthogonalization and normalization conditions: 
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So, the G-P metric has the null tetrad, 
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In each case im  can be obtained by considering the complex conjugates of the  
 
components in . im
 
Moreover also note that, 
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Here, ρ∗ is the complex conjugate of ρ . 
 
V. Spin Coefficients 
 
The Ricci rotation coefficients in the tetrad formalism are actually the spin coefficients in  
 
the N-P formalism. The various spin coefficients are, 
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These vanishing coefficients suggest that the congruence of null geodesics, l  and  are  n
 
shear-free. And from the shear-free character of these congruences we can conclude on  
 
the basis of Goldberg-Sachs [4] theorem, that the G-P space time is of Petrov [5] type D. 
 
Continuing, with the rest of the coefficients, 
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Before we proceed any further, we must make some more calculations which will prove  
 
worthwhile in the forthcoming coefficients. Particularly, we are concerned with a few 
 
partial derivatives.  
Firstly let us denote, for any function, W of 0 1 2 3, , ,x x x x , 
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( )( ( 2 ) ( ( ) ))]}
1 [ ( ) ( )]
2
r
r r
r r r r r
Q a l
r a l Q a Q r ar f f Q a Q a l a r a l
Q a Q a l r a l
Q a Q aϖ ϑ ϖ ϑ
+
− + + − − − − + − + + + +
− − + − + +
Λ = ∆ − + − ΩΙ + ∆Ω Ι
.                                                                                                                                (24)                                     
 
In the foregoing set of expressions, we have taken, 
 
)]}))(()2()([(
))])((2)2()({[(1
,))(22(
22222
222
2222
larlaQaQ
laralaQaQ
f
f
lrarlQ
++−+−
−++++−=
+Μ++=
ϑ
ϖ
,                                                  (25) 
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where, 
 
)])((2)2([
)]))(()2()([(
223
22
22222
2222
laralaQ
larlaQaQf
laala
++++
−++−+−=
++=Μ
.                                                          (25a) 
 
We now continue to evaluate the remaining coefficients. 
 
312 312 231 123
312 2
231 2
22
123 4 4
2
2 2
2
4
1 ( )
2
1 [( ) ]
2 2
csc
2( )
2( ) sin cos ( ( )sin )
2 2 2 2
1 csc ( ) sin cos2 [( ) ]
2 2 2( ) 2
2 ( (
2 2
r r
r
r r
r
i
rl a i l a
i l a
r i l a
τ γ λ λ λ
ϖλ ϖρρ
θλ ρρ
ρθ θ ϖλ ϑ θ
4
4
2ρ ρ ρ ρ
ϖ θ θ θ
ρ ρ
τ ϖ ϑρρ ρρ ρ ρ
ρ
ρ ρ
= = + −
Ω= Ω − ΛΛ
=
Λ − Λ+ Ω− = Ω − + −
Ω += Ω − Λ + + ΩΛ
Λ − Λ +
−
4
)sin )
2 2
ϖθ ρ ρ
Ω−
.                 (26) 
241 241 124 412
241 2
2 2
124 4
412 2 2
2
2 4
2
2 2
1 ( )
2
csc
2( )
1 {[( ) 2 ] ( )sin ( 2 )}
2 2
1 [( ) ]
2 2
csc 12 {[( ) 2
2( ) 2 2
1( )sin ( 2 )} [( )
2 2
r r
r r
r
r
i
r i l a r
i r
i l a r
π γ λ λ λ
θλ ϖρρ
λ ϖ ρ ϖ θ ρρ ρ
λ ϖ ϖρ ρ
θπ ϖ ϖ ρ ϖρρ ρ ρ
θ ρ ϖρ ρ
∗
∗
∗
∗ ∗
∗
= = + −
= − Ω
= Ω − Ω − + Λ −
− = Ω Λ −Ω ΛΛ
= − Ω + Ω − Ω −
+ Λ − Λ + ΩΛ ]r rϖΛ −Ω Λ
]
Λ
. 
 15
211 341
211 211 121 112
121 211
211
341 341 134 413
413
2
341 2 2
1 ( )
2
1 ( )
2
0
0.
1 ( )
2
0
1 c[( ( )sin ) ( )sin ]
2 ( ) ( ) 2 ( )
i i l ai l a i l a
ε γ γ
γ λ λ λ
λ λ
γ
γ λ λ λ
λ
2
sc ( )sinθ θλ θ ρ θρ ρ ρ ρ ρ ρ
∗
∗ ∗
= +
= + −
= =
=
= + −
=
+= + − + + − Λ ∗
.               (27) 
 
In the above evaluation, we see that 341λ  is the complex conjugate of 134λ  , and therefore,  
 
we can write, 
 
1 2 3 1 2 3
341 ( ) ( )R R R i C C Cλ = + + + + + ,                                                                       (28)                                 
 
where, 
 
1 2 2
2
3 2
1 2
2
3
2 2 2 2
( ) sin (1 cos )
2 ( ) csc cos
( ) sin cos
( ) sin [( ) sin ( ) cos
2 csc
( )sin
2( ( ) cos )
R r l a
R l a
R l a
C l a l a r l a
C r
C r l a
r l a
θ θ
θ θ
θ θ
2 2 ]θ θ
θ
θ
θ
Σ = − Λ + +
Σ = − Λ +
Σ = +
Σ = − + Λ + + + +
Σ = Λ
Σ = − +
Σ = + +
θ
)
.                                           (28a) 
 
Thus we have, 
 
1 2 32 (i C C Cε = + + .                                                                                                 (29) 
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212 342
212 212 221 122
212
2
221 6
2
212 6
342 342 234 423
423
342 2 2 2 2 2 2
234 2
1 ( )
2
1 ( )
2
0
( 2 )
2
( 2 ).
2
1 ( )
2
0
csc cot csc ( )sin[ ]
4 ( ) 4 ( ) 4 ( )
1
4 (
r
r
r
r
l a i i i l a
γ γ γ
γ λ λ λ
λ
ϑλ ρρ
ϑγ ρρ
γ λ λ λ
λ
ρ θ θ θ θλ ϖρ ρ ρ ρ ρ ρ ρ ρ ρ
λ ρ ρ ρ
∗
∗ ∗ ∗
∗
= +
= + −
=
Ω= − Λ − Λ
Ω= − Λ − Λ
= + −
=
+ − += − Λ + Λ + Ω
= 22 2 2
2
342 2 2 2 2
2 2 2 2 2 2
2
6
( )sin[ ( ) cos (( )sin ) ]
) 4 ( )
1 1 ( )sin{ [ ( ) cos (( )sin ) ]
2 4 ( ) 4 ( )
csc cot csc ( )sin[ ]}
4 ( ) 4 ( ) 4 ( )
4 ( 2
2 r
i l ai l a l a
i l ai l a l a
l a i i i l a
r
θρ θ θ ϖρ ρ ρ
θγ ρ θ θ ϖρ ρ ρ ρ ρ ρ
ρ θ θ θ θ ϖρ ρ ρ ρ ρ ρ ρ ρ ρ
ϑγ ρρ
∗
∗ ∗
∗
∗ ∗ ∗
++ − + − Ω
+= + − + − Ω −
+ − +Λ + Λ + Ω
Ω= − Λ − 22 2 2 2
2 2 2 2 2 2
1 1 ( )sin) { [ ( ) cos (( )sin ) ]
2 4 ( ) 4 ( )
csc cot csc ( )sin[ ]}
4 ( ) 4 ( ) 4 ( )
i l ai l a l a
l a i i i l a
θρ θ θρ ρ ρ ρ ρ ρ
ρ θ θ θ θ ϖρ ρ ρ ρ ρ ρ ρ ρ ρ
∗ ∗
∗
∗ ∗ ∗
+Λ + + − + − Ω −
+ − +Λ + Λ + Ω
ϖ
. 
                                                                                                                                   (30) 
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214 344
214 214 421 142
214 2 2
2 2
421 4
142 2
2
214 2 2 4
1 ( )
2
1 ( )
2
1 [( ) ]
2 2
1 {[( ) 2 ] ( )sin ( 2 )}
2 2
csc
2( )
1 1 1{ [( ) ] {[( ) 2
2 2 2 2 2
( )sin
r r
r r
r r r
r i l a r
i
r
i l a
α γ γ
γ λ λ λ
λ ϖ ϖρ ρ
λ ϖ ρ ϖ θ ρρ ρ
θλ ϖρρ
γ ϖ ϖ ϖ ρρ ρ ρ ρ
θ
∗
∗
∗
∗ ∗
= +
= + −
= Ω Λ −Ω ΛΛ
= − Ω − Ω − + Λ − Λ
− = − Ω
= Ω Λ −Ω Λ − Ω −Λ
+
]ϖΩ −
2
2
344 344 434 443
434
344 3
344 3
2
2 2 4
2
2 3
csc( 2 )} }
2( )
1 ( )
2
0
csc
2( )
csc
2( )
1 1 1{ [( ) ] {[( ) 2
4 2 2 2 2
csc csc( )sin ( 2 )} }
2( ) 2 2( )
r
r r r
r
ir
i
i
r
i ii l a r
θρ ϖρρ
γ λ λ λ
λ
θλ ρ ρ
θγ ρ ρ
α ϖ ϖ ϖ ρρ ρ ρ ρ
θ θθ ρ ϖρρ ρ ρ
∗
∗
∗
∗ ∗
∗ ∗
Λ − Λ − Ω
= + −
=
=
=
= Ω Λ −Ω Λ − Ω −Λ
+ Λ − Λ − Ω +
]ϖΩ −
.          (31) 
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213 343
213 213 321 132
213 2
22
321 4 4 4
132 2
2
213 2 4
2
1 ( )
2
1 ( )
2
1 [( ) ]
2 2
2( ) sin cos ( ( )sin )
2 2 2 2 2
csc
2( )
1 1 ( ) sin cos{ [( ) ]
2 2 2 2
2
2 2
r r
r
r r
r
rl a i l a
i
l a
r
β γ γ
γ λ λ λ
ϖλ ϖρρ
ρθ θ ϖλ ϑ θρ ρ ρ ρ ρ ρ
θλ ρρ
ϖ θ θγ ϖ ϑρρ ρ ρ
ρ
= +
= + −
Ω= − Ω − ΛΛ
Λ − Λ+ Ω= Ω − + −
− = −
Ω += − Ω − Λ + Ω −Λ
Λ − Λ
4 4 2
343 343 334 433
343
334 2 2
343 2 2
2
2 4
2
4 4
csc( ( )sin ) }
2 2 2( )
1 ( )
2
0
csc ( )
2( )
csc ( )
2( )
1 1 ( ) sin cos{ [( ) ]
4 2 2 2
2 csc( ( )sin )
2 2 2 2 2(
r r
r
ii l a
H iG
G H
H iG
G H
l a
r ii l a
ϖ θθρ ρ ρ ρ ρρ
γ λ λ λ
λ
θλ
θγ
ϖ θ θβ ϖ ϑρρ ρ ρ
ρ ϖ θθρ ρ ρ ρ ρ
Ω+ − −
= + −
=
= −+
= −+
Ω += − Ω − Λ + Ω −Λ
Λ − Λ Ω+ − −
2 2 2
csc} (
) 2 2( )
H iG
G H
θ
ρ + −+ )
}
,          (32) 
 
where, 
 
4 2 2 2 3 3 2
3 3 3 3 3
{ 3 ( ) cos [( ) cos 3 ( )cos ]
{ ( ) cos 3 ( )cos 3 ( ) cos }
G r r l a l a r l a
H r l a r l a r l a
θ θ θ
θ θ
= − + + − +
= + − + − + θ .                                   (32a) 
 
All the above pertain to the non-vanishing spin coefficients. We must note that in the  
 
above evaluations we have seen that ε  is not equal to zero, which suggests that the null  
 
geodesics so chosen for this metric are not affinely parameterized.  
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VI. Conclusions and Discussions 
 
Thus, with the aid of a null tetrad and the tool called N-P formalism, we were able to 
 
 comprehend the physical nature of the G-P space time. We have observed that the  
 
chosen null tetrad for the G-P metric does indeed satisfy the conditions of shear-free, 
 
 congruent null geodesics. It is not affinely parameterized which was also seen. The  
 
physical meanings of the various parameters that are involved have been assumed 
 
 according to the G-P metric. The Maxwell field components  and  are related to the e g
 
 electric parameters and the magnetic charges of the sources. The twist of the principal 
 
 null congruences which is proportional toω  is related to the Kerr rotation parameter   a
 
and the NUT parameter . The optical significance is also related to all these parameters. l
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